The birational geometry of algebraic varieties is governed by the group of birational self-maps. It is in general very difficult to determine this group for an arbitrary variety and as a matter of facts only few examples are completely understood. The special case of the projective plane attracted lots of attention since the XIX th -century. The pioneering work of Cremona and then the classical geometers of the Italian and German school were able to give partial descriptions of it but it was only after Noether and Castelnuovo that generators of the group were described. The Noether-Castelnuovo Theorem, see for instance [1] , states that the group of birational self-maps of P 2 , usually called the plane Cremona group and denoted by Cr(2), is generated by linear automorphisms of P 2 and a single birational non biregular map, the so-called elementary quadratic transformation
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The birational geometry of algebraic varieties is governed by the group of birational self-maps. It is in general very difficult to determine this group for an arbitrary variety and as a matter of facts only few examples are completely understood. The special case of the projective plane attracted lots of attention since the XIX th -century. The pioneering work of Cremona and then the classical geometers of the Italian and German school were able to give partial descriptions of it but it was only after Noether and Castelnuovo that generators of the group were described. The Noether-Castelnuovo Theorem, see for instance [1] , states that the group of birational self-maps of P 2 , usually called the plane Cremona group and denoted by Cr (2) , is generated by linear automorphisms of P 2 and a single birational non biregular map, the so-called elementary quadratic transformation σ : P (2) have been known for a century now, many other properties of this group are still mysterious. Only after decades, see [26] , a complete set of relations has been described, and more recently the non simplicity of Cr (2) has been showed, [9] , and a good understanding of its finite subgroups has been achieved, see [17] and [5] . This brief and fairly incomplete list is only meant to stress the difficulties and the large unknown parts in the study of Cr (2) , for a more complete picture the interested reader should refer to [15] and [14] . Amid all its subgroups the one associated to polynomial automorphisms of the plane, Aut(C 2 ), attracted even more attention than Cr(2) itself, [3] . The generators of Aut(C 2 ) are known since 1942, [29] , and later on, [32] , has been proved that Aut(C 2 ) is the amalgamated product of two of its subgroups, more precisely of the affine and elementary ones. Nevertheless this group is not less mysterious and challenging than the entire Cremona group. Jung's description yields a natural decomposition [23] , computed the number of irreducible components of polynomial automorphisms of C 2 with fixed degree less or equal to 9 and proved that the variety of polynomial automorphisms of the plane with degree bounded by the positive integer n, is reducible when n 4. Later on Edo and Furter, [18] , studied some degenerations of the multidegrees: for example they were able to show that G [3] ∩ G[2, 2] = ∅ using the lower semicontinuity of the length of a plane polynomial automorphism as a word of the amalgamated product, [24] . Contrarily to what happens in the Cremona group Cr(2), see [6] , the group of polynomial automorphisms G of the plane can be endowed with a structure of an infinite-dimensional algebraic group. Denoted by G d the set of polynomial automorphisms of fixed degree d, Furter proved in [25] that G d is a smooth and locally closed subset of G.
Inspired by these works on Aut(C 2 ) and by [10] we approach the study of Cr(2) forgetting its group structure. Our aim is to study an explicit set of functions generating a birational map. In this way the same birational map is associated to different triples of homogeneous polynomials.
Let f 1 , f 2 , f 3 be homogeneous polynomials of degree d. Whenever f 1 , f 2 , f 3 are not all zero, let us denote by [f 1 : f 2 : f 3 ] the equivalence class of (f 1 , f 2 , f 3 ) with respect to the relation (f 1 , f 2 , f 3 ) ∼ (λf 1 , λf 2 , λf 3 
let us define
There is a natural subset to consider in Bir d , the one corresponding to triplets without common factors. The latter called Bir
, that parametrizes birational maps of degree d, will be the main actor of this paper, see section 1 for all the relevant definitions.
Among other things, in [10] the authors describe Bir In this paper, we describe Cremona transformations P 2 P 2 in the usual classical way, i.e. we consider the so-called homaloidal net of plane curves in the source plane corresponding to the net of lines in the target plane. Roughly speaking, this means to study the span
2 ) in the above setting. By looking at base points of homaloidal nets, we prove the following, cf. §2 later: 
Each one of these components of Bir
i=1 ν i and its general element is a Cremona transformation given by a homaloidal net of plane curves of degree d with ν i base points of multiplicity i, in general position.
Quite surprisingly, in this set up, we may say that the general Cremona transformation in Bir 
Also in this case our approach allows a more precise representation of Bir d and an explicit description of it for low d, see section 2. This also corrects an imprecision in [10] [10] , also allows to build a bridge between the classical algebraic geometry of Cr(2) and foliations on P k , k 2. The reconstruction of a foliation from its singular set, [7] , [8] , the study of irreducible components of foliations on P k , k 3, [12] , [13] , and the description of the orbits by the action of PGL(3, C) on the foliations of fixed degree 2 on P 2 , [11] , have been extensively studied and suggest the possibility to use our methods also in this context. We will not dwell on this here. However, we investigate the dynamical behaviour of plane Cremona transformations in a work in progress, see [4] .
When this work was finished we were informed by J. Blanc of D. Nguyen Dat's PhD thesis, [31] . Some of the results, and the techniques, in this paper overlap the content of his work. In particular he was able to compute the dimension of Bir ACKNOWLEDGEMENTS. It is a pleasure to thank Ciro Ciliberto for the reference in Enriques-Chisini. Furthermore, we thank the anonymous referee for a thoroughly reading, suggestions and remarks that improved the paper, in particular for pointing out a mistake in Definition 17.
Notation, definitions and known results
We work over the complex field. Let C[x, y, z] d be the set of homogeneous polynomials of degree d in the variables x, y, z with coefficients in C, including the null polynomial. In particular, C[x, y, z] d ∼ = C N as C-vector spaces, where
is the number of coefficients of homogeneous polynomials of degree d in 3 unknowns. Whenever
are not all zero, let us denote by [f 1 : f 2 : f 3 ] the equivalence class of the triplets (f 1 , f 2 , f 3 ) with respect to the relation (
, where the homogeneous coordinates are all coefficients of the three polynomials f 1 , f 2 , f 3 , up to multiplication by the same nonzero scalar for all of them. Setting
let us define, according to [10] ,
In [10] , the integer d is called the degree of the map γ. However, in algebraic geometry, if f 1 , f 2 , f 3 have a common factor, i.e. their greatest common divisor gcd(f 1 , f 2 , f 3 ) = h is a polynomial of positive degree d ′ , then the degree of the map γ is usually considered
, the authors of [10] say that γ has pure degree d and they define
, let us identify it with the birational map γ.
One may check that the subset {[f 1 : Actually, in [10] , the authors state that Bir 3 has exactly two irreducible components. We will see later, in Example 44, that Bir 3 has exactly three irreducible components. Now we recall the classical notions which will be used later.
The general element of L γ defines an irreducible rational plane curve of degree d passing through some fixed points p 1 , . . . , p r in P 2 , called set-theoretic base points of L γ , with certain multiplicities. Let φ : S → P 2 be the blowing up at p 1 , . . . , p r . The strict transform of the general element of L γ may have further base points on the exceptional curves in S, classically called infinitely near base points, cf. §2 in [1] . Equivalently, φ • γ may not be a morphism yet. Eventually, there is a birational morphism φ ′ : S ′ → P 2 such that the strict transform of the net L γ is a complete 2-dimensional linear system on S ′ , or equivalently φ ′ • γ is a morphism. Set ν i the number of base points of L γ with multiplicity i, i = 1, . . . , d − 1, including infinitely near base points. The multi-index of the homaloidal net L γ is
It is an easy consequence of the definition of homaloidal net (cf., e.g., §2.5 in [1] ) that
and ν i = 0, i d. Formulas (3) are usually called Noether's Equations. We say that the multi-index ν I is the H-type of the homaloidal net L γ and of the Cremona transformation γ.
One usually says that γ is symmetric if its H-type has a unique nonzero ν i . By Finally, let us define the index i(γ) of γ as follows. We set i(γ) = 0 if and only if there is no infinitely near base point of L γ , i.e. all base points of L γ belong to P 2 . If L γ has infinitely near base points, consider birational morphisms ψ : S → P 2 such that the strict transform L ′ of L γ in S is a net with all base points belonging to S, i.e. L ′ has no infinitely near base point. Recalling that ψ is the composition of finitely many blowing ups, each one at the maximal ideal of a single point, define i(γ) as the minimum number of such blowing ups among all birational morphisms ψ with the above property.
Remark 7. If d
3, the irreducibility of the general member of L γ implies that i>d/2 ν i 1, i.e. L γ has at most one base point of multiplicity > d/2. Remark 8. Usually, the H-type of a linear system L is encoded by listing the multiplicities m i of the base points p i of L, which are commonly written in nonincreasing order, say m 1 m 2 m 3 · · · , instead of a multi-index like ν I . Given a multi-index ν I = (ν 1 , . . . , ν d−1 ) of a homaloidal net L γ , the multiplicities of the base points of L γ , in nonincreasing order, can be computed as follows:
Equivalently, set m 1 = max{j : ν j = 0} and then
and so on, until m R = min{j : 
Definition 10. One says that γ ∈ Bir
• 2 is a quadratic transformation. By (3), its H-type is ν I = (3), namely γ is defined by a homaloidal net of generically irreducible conics passing through three simple base points p 1 , p 2 , p 3 . We say that γ is a quadratic transformation centered at p 1 , p 2 , p 3 . 
Furthermore, equality holds if and only if γ is either symmetric or de Jonquières.
The next, classical, lemma is very important for our purposes and we give here a proof only for the reader's convenience. 
On the real interval
and a minimum at x = 1 and at Remark 14. In algebraic geometry, when a family of objects {X q } q∈Σ , like varieties, maps, etc., is parametrized by the points of an irreducible algebraic variety Σ, one usually says that the general object X has a certain property P if the subset of points q ∈ Σ, such that X q has the property P , contains a Zariski open dense subset of Σ.
Later we will use finite sets of points in P 2 and in its symmetric products.
Definition 15 (cf. [30] ). The r-th symmetric product of P 2 , denoted by Sym r (P 2 ), is the quotient (P 2 )/S r of the Cartesian product (P 2 ) r under the action of the symmetric group S r permuting the factors. One has that Sym 1 (P 2 ) = P 2 , if r = 1, otherwise Sym r (P 2 ) is a rational, singular, irreducible, projective variety of dimension 2r. If p 1 , . . . , p r ∈ P 2 are distinct points, then Sym r (P 2 ) is smooth at the class of (p 1 , . . . , p r ).
A useful tool to take care of infinitely near points is the Hilbert scheme.
Definition 16 (cf. [20, 21, 28] ). The Hilbert scheme Hilb r (P 2 ) parametrizes zero-dimensional subschemes of P 2 with length r, i.e. whose Hilbert polynomial has degree 0 and it is equal to r. It is a rational, smooth, irreducible, projective variety of dimension 2r and it is a desingularization of Sym r (P 2 ).
Recall that r points in general position in P 2 determine an open dense subset of either Hilb r (P 2 ) or Sym r (P 2 ).
with length ρ and reduced length r is a (d − 1)-tuple of non negative integers with
, for each i ∈ I * . Let us denote by Hilb
and Z ν I given by the union of the points p i,j with multiplicity i, for each i ∈ I * and j = 1, . . . , ν i .
. This is the main motivation to introduce both length and reduced length. Equations (3) force the length ρ of ν I to be uniquely determined by d,
and the general element of Λ Z is an irreducible curve. In such a case we say that Z is an admissible cycle associated to ν I .
The following theorem is classical, cf., e.g., In this case the line through the two triple points is a fixed component of the linear system of 5-ics with the assigned multiplicities. The movable part of the net is given by elliptic quartic curves. In particular the point representing it in P 62 is not in Bir 5 .
To get rid of this behaviour we proceed as follows, cf. Hudson's test in [27] and in [1] .
2, be a multi-index satisfying Equations (3). When d = 2, we say that ν I = (3) is 1-irreducible. Suppose then d 3 and let m 1 m 2 m 3 be the maximal multiplicities associated to ν I , cf. Definition 9.
We say that
. By (3) and d 3, the same proof of Noether's inequality (5) in [1] shows
by the following steps:
) is 1-irreducible, and so on, for all new multi-indexes until one stops, when d becomes 2. A script, which runs this irreducibility test, is listed in the appendix. The next theorem appears to be classical and it has been implicitly used by Hudson, but it had probably fallen into oblivion, cf. historical remark 5. Then ν I is admissible and there exists a non-empty Zariski open subset U of (P 2 ) r (that is P 2 ×· · ·×P 2 , r times) such that for each (p 1 , . . . , p r ) ∈ U there exists a Cremona transformation of degree d which has p i as base point of multiplicity m i , i = 1, . . . , r, and has no other base points.
In our notation, this translates as follows.
Corollary 25. In the hypothesis of the previous theorem, there exists an open dense subset U ν I ⊂ Hilb ν I (P 2 ) such that for any point Z ∈ U ν I , Z is associated to ν I and the linear system Λ Z is a homaloidal net.
The algebraic structure of Bir d and Bir We will use also planes, i.e. linear subspaces of dimension 2, in P N −1 , or equivalently three-dimensional vector subspaces of C N . A convenient setting is Grassmannians.
Definition 27. Denote by Gr (3, N) the Grassmannian variety parametrizing threedimensional vector subspaces of C N , i.e. planes in P N −1 . It is a smooth, irreducible, rational, projective variety of dimension 3(N − 3).
Cremona transformations of fixed degree
In this section we use notation introduced in §1. Fix d a positive integer.
Remark 28. For each d 2, there is a one-to-one map
where h = gcd(f 1 , f 2 , f 3 ). The inverse is the collection of the maps
which are injective, for each a = 1, . . . , d − 1.
Let us focus on γ = [f 1 :
Bs : Bir
where
Remark 30. The map Bs is algebraic. To see this, fix an irreducible component A ⊂ Bir
and let p 1 , p 2 be the projections on the two factors. By Equations (3), each homaloidal net in Bir 
, and there exists a unique change of basis matrix ω ∈ PGL(3) such that the triplet
Proof. Let Z γ = (Bs(γ)) red = (Bs(δ)) red be the reduced base locus of γ and δ. Theorem 20 says that dim Λ Zγ = 2 and thus 
and Z i is a collection of ν i points p i,1 , . . . , p i,ν i in P 2 . Let us define the map
which sends Z to the homaloidal net of plane curves of degree d with multiplicity i at the points p i,j , for each i ∈ I * and j = 1, . . . , ν i , cf. Definition 17.
Remark 32. It is important to stress that the base locus in Hilb ρ (P 2 ) of a homaloidal net associated to a multi-index ν I and supported on r = d−1 i=1 ν i distinct points determines a unique admissible cycle in Hilb ν I (P 2 ) associated to ν I . In that case, we say that such base locus in Hilb ρ (P 2 ) is admissible. Vice-versa an admissible cycle determines uniquely the homaloidal net.
This, together with Lemma 31, yields that the morphism β ν I is a birational map onto its image in the Grassmannian Gr(3, N) of planes in P N −1 = P(C[x, y, z] d ). Next we want to go from the Grassmannian to Bir 
This allows us to universally choose the basis W ∩ H 1 , W ∩ H 2 , W ∩ H 3 for a general 3-dimensional linear vector subspace W ⊂ C N . In other words we have chosen three sections σ i : Gr(3, N) → U of the universal bundle over the Grassmannian Gr(3, N).
Definition 33. In the above setting, define the rational map
where ω ∈ PGL(3) is acting on the 3-dimensional vector subspace W ⊂ C N as described in Lemma 31. The map α ν I is well-defined, in fact α ν I (λω, Z) = α ν I (ω, Z), for any ω ∈ PGL(3) and λ ∈ C * .
Lemma 34. The map α ν I is birational onto its image.
Proof. It is enough to prove that α ν I is generically injective. But this follows immediately by Lemma 31 and Remark 32. Then we have to prove that Im(α ν I ) ⊃ Im(α µ I ). This is equivalent to say that the base locus of a general element in Im(α µ I ) cannot be obtained as limit of base loci of general elements in Im(α ν I ).
Assume that this is not the case. Then in Hilb ρ (P 2 ) there is a curve whose general point represents the base locus of an element in Im(α ν I ) and with a special point associated to Z µ I . In other words we are saying that a bunch of points of multiplicity m i,1 , . . . , m i,h i , with ordinary singularities, limits to a point of some multiplicity m i , with ordinary singularity, and this is done in such a way that Noether's equations (3) are always satisfied. Fix one point in the limit, say p 1 of multiplicity m 1 , and assume that p 1 is the limit of {q 1 , . . . , q h 1 } of respective multiplicity m 1,j . The existence of the limit forces
with strict inequality if h 1 > 1. This, together with Equations (3) yields
In the previous lemmata, we found an irreducible component of Bir 
∈ C is a zero-dimensional scheme supported on r distinct points, with ordinary singularities, in P 2 , (iii) Z t is admissible.
Proof. Let L γ ⊂ |O(d)| be the homaloidal net associated to Z γ . Consider the index i(γ) introduced in Definition 6. If i(γ) = 0, the assertion is immediate, for any degree d. To conclude we argue by induction on i(γ). Assume that i(γ) = M > 0, and let p ∈ Z red a point of multiplicity m with infinitely near other base points. Let ω : P 2 P 2 be a quadratic transformation centered in p and two general points q 1 and q 2 , and
and by inductive hypothesis we may describe its base locus Z γ ′ = Bs L ′ as limit of admissible cycles with two ordinary points of multiplicity d. Then applying ω −1 we get the desired curve in Hilb ρ (P 2 ).
Definition 37. Let ν I = (ν 1 , . . . , ν d−1 ) be an admissible multi-index. We denote by Bir
the irreducible component of Bir Remark 38. It is important to stress that a homaloidal net may degenerate to a linear system with a fixed component in such a way that the residual part is not a homaloidal net. In particular the Zariski closure of Bir Let L be a general homaloidal net in Bir
• (3, 3, 0) given by plane quartics with three double points p 1 , p 2 , p 3 and three simple base points. If we let p 1 , p 2 , p 3 become aligned, then L degenerates to a linear system with a fixed line and the residual part is a 3-dimensional linear system of cubics with six simple base points.
The next lemma is classical, see e.g. [27, p. 73 ], but the proof therein is not complete. 
We are able to completely describe the behaviour of these varieties in low degrees. 1) is given by a homaloidal net of cubics with a double point p and four simple base points q 1 , . . . , q 4 . If we let q 2 move to a general point of the line through p and q 1 , the line splits from the net and we get a degeneration of γ to an element in Bir is such that there is no base point, of the mobile part, lying on the fixed component and therefore it cannot be obtained as a limit of elements in Bir give two further irreducible components, other than Bir (4, 1) . In [10] , it seems that the authors missed the component Bir Reasoning as in the previous examples, one may check that Bir 4 is connected (we will prove it in Theorem 55 later) and its decomposition in irreducible components is To study the connectedness of Bir 
For t = 0, this is a linear system of quartics, whose general member is irreducible, with a triple base point at [0, 0, 1] and three infinitely near simple base points in the direction of the lines x = 0, y = 0 and x + y = 0, which are the limits of the lines p 1 p 3 : x = 0, p 1 p 2 : y = 0 and p 2 p 3 : x + y − tz = 0. By imposing further three simple base points p 4 , p 5 , p 6 in general position, one gets a homaloidal net of type (3, 3, 0) for a general t = 0 and a homaloidal net of type (6, These computations have been performed by using Maple.
Proposition 47. Bir In order to prove the connectedness of Bir 
When t = 0, we get a linear system of quintics with a quadruple point whose general member is irreducible. By imposing further three simple base points in general position, we get a homaloidal net ⊂ L of type (3, 3, 1, 0) We are able to check the properties of these maps and to find their inverse maps by using Maple, in such a way we did in Example 46.
Proposition 49. Bir Lemma 52. Let χ : P 2 × ∆ → ∆ be a one dimensional family over a complex disk ∆. Let F t be the fiber over the point t ∈ ∆. Let C 1 , C 2 and C 3 be three disjoint sections of χ. Let p i t := C i ∩ F t be the intersection of the i th -section with the fiber F t , i = 1, 2, 3. Assume that the points p i t are in general position for any t. Then there is a birational modification Ω : P 2 × ∆ P 2 × ∆ such that Ω t := Ω |Ft is the quadratic Cremona transformation centered at the points {p i t }. Assume that there is a linear system H ∈ Pic(P 2 × ∆) such that H t is a homaloidal net associated to a multi-index ν I and H 0 is a homaloidal net associated to a multi-index µ I and Remark 53. The usage of the above Lemma is to produce degenerations with fixed components starting from known degeneration in a different pure degree.
To apply the above Lemma we have to construct degenerations. This is the aim of the next Lemma.
Lemma 54. Let ν I be an admissible multi-index in degree d. Let Z ν I be a base locus of a general homaloidal net associated to the multi-index ν I , and p 1 , p 2 ∈ Z ν I two points. Assume that m 1 := mult Zν I p 1 mult Zν I p 2 =: m 2 .
Then there is a degeneration χ : P 2 × ∆ → ∆ and a base scheme Z such that Z t := Z |Ft is associated to the multi-index ν I and Z 0 := Z |F 0 has the point p 1 infinitely near to p 2 .
Proof. The multiplicity of p 2 is at least the one of p 1 and we may degenerate p 1 into p 2 . Assume that mult p 1 Z ν I = m 1 and mult p 2 Z ν I = m 2 then a local equation of such a degeneration can be as follows Proof. As already observed we have only to prove that for any admissible index ν I the general element admits a degeneration with a fixed component. Let L be a general homaloidal net associated to ν I and ω a standard Cremona centered in three points of Bs L that lowers the degree. Let L ′ be the transformed homaloidal net and q 1 , q 2 , q 3 the three points of indeterminacy of ω −1 . Then by Noether-Castelnuovo Theorem the q i 's are not of maximal multiplicity. That is we may assume that there is a point x ∈ Bs L ′ with mult x L ′ > mult q 1 L ′ . Then by Lemma 54 there is a degeneration χ : P 2 × ∆ → ∆ and a base scheme Z such that Z t := Z |Ft is associated to the multi-index ν I and Z 0 := Z |F 0 has the point q 1 infinitely near to x.
Let C i be the section of χ associated to the point q i and Ω, H ′ the birational modification and linear system on P 2 × ∆ as in Lemma 52. Then we may apply Lemma 52 to produce a Cremona transformation Ω −1 : P 2 × ∆ P 2 × ∆ that induces ω −1 on the general fiber and produces a fixed component in the special linear system H |F 0 . In particular this produces a degeneration of L to a homaloidal net with a fixed component.
We are now ready to complete the proof of Theorem 3.
Proof of Theorem 3. By Remark 28, Bir d is the union of Bir 
